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Abstract 

We present a brief review of the non-Abelian tensor gauge field theory and analyze its 
free field equations for lower rank gauge fields when the interaction coupling constant 
tends to zero. The free field equations are written in terms of the first order derivatives 
of extended field strength tensors similar to the electrodynamics and non-Abelian gauge 
theories. We determine the particle content of the free field equations and count the 
propagating modes which they describe. In four- dimensional space-time the rank-2 gauge 
field describes propagating modes of helicity two and zero. We show that the rank-3 
gauge field describes propagating modes of helicity-three and a doublet of helicity-one 
gauge bosons. Only four-dimensional space-time is physically acceptable, because in five 
and higher-dimensional space-time the equation has solutions with negative norm states. 
We discuss the structure of the particle spectrum for higher rank gauge fields. 
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1 Introduction 

It is well understood that the concept of local gauge invariance allows to define non- 
Abelian gauge field [1, 2], to derive its dynamical field equations and to develop a universal 
point of view on matter interactions as resulting from the exchange of gauge quanta of spin 
one. It is appealing to extend the gauge principle so that it would define the interaction of 
matter fields which carry not only non-commutative internal charges, but also arbitrary 
spins [3, 4, 5]. 

In our recent approach the gauge fields are defined as rank-(s + 1) tensors [3, 4, 5] 

AG 

^/iAi...As' 

and they are totally symmetric with respect to the indices Ai-.-A^. The number of sym- 
metric indices s runs from zero to infinity ^. The first member of this family of tensor 
gauge fields is the Yang-Mills vector boson A^. The extended non-Abelian gauge trans- 
formation 6^ of tensor gauge fields is defined by the equation (2) and comprises a closed 
algebraic structure [3, 4, 5]. This allows to define generalized field strength tensors [3, 4, 5] 

*^//i^,Ai...As 

which are transforming homogeneously with respect to the extended gauge transforma- 
tions 5^. Using these field strength tensors one can construct two infinite series of quadratic 
forms Cs and Cg (s = 2,3,...) invariant with respect to the transformations 6^ [3, 4, 5]. 
These forms contain quadratic kinetic terms, as well as cubic and quartic terms describing 
nonlinear interaction of gauge fields with dimensionless coupling constant g. In order to 
make all tensor gauge fields dynamical one should add all these forms in the Lagrangian. 

Thus the gauge invariant Lagrangian describing dynamical tensor gauge fields of all 
ranks has the form [3, 4, 5, 18, 19] 

C = jCyM + g2C2 + 5-2^2 + S'sA + fi-s^Cg + ... (1) 

The coupling constants gg and g'g {s = 2,3,...) remain arbitrary because each term is 
separately invariant with respect to the extended gauge transformations 5^ leaves these 

priori the tensor fields have no symmetries with respect to the first index jjL. The a is the adjoint 
index. The totally symmetric tensors were considered in [6, 7, 8, 9, 10, 11, 12, 13, 15, 16, 17, 20]. 
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coupling constants undetermined. Our aim is to analyze the particle spectrum of the 
theory and to define coupling constants Qs and Qg at which there are no negative norm 
states in the spectrum. Tensor gauge fields have many components, some of them define 
physical propagating modes of definite hclicitics, and some may correspond to unphysical 
negative norm states. As we shall see, only for specific values of the coupling constants 
Qg and only in four-dimensional space-time the particle spectrum becomes completely 
physical. 

Let us consider first a linear sum of two gauge invariant forms in (1) 

which defines the kinetic operator and nonlinear interactions of the rank-2 tensor gauge 
field A'^^)^. As we found in [3, 4, 5, 22], if one chooses the coupling constant §2 = 92, 
then the sum exhibits invariance with respect to a bigger gauge group. In that case the 
free field equation (18)/(19) for the rank-2 tensor gauge field describes the propagation 
of helicity-two, A = ±2, and helicity-zero, A = 0, massless charged tensor gauge bosons 
and there are no propagating negative norm states. This result will be recapitulated in 
the third section. 

Our aim here is to extend this analysis to the rank- 3 tensor gauge field. Considering 
the linear sum 

93^3 + 93^3 

we shall demonstrate that if one chooses the coupling constant g'^^ = ^g^ then the sum again 
exhibits invariance with respect to a bigger gauge group [19]. The explicit description of 
this symmetry together with the corresponding free field equation (42)/ (46) for the 
rank-3 tensor gauge field Aj^AiA2 be given in the forth and fifth sections^. We shall 
demonstrate that in four- dimensional space-time the free equation (42) / (46) describes the 
propagation of helicity-three, A = ±3, and a doublet of helicity-one, A = ±1,±1, massless 
charged gauge bosons and that there are no propagating negative norm states. The four- 
dimensional space-time is critical because in five- and higher- dimensional space-time the 
equation has solutions with negative norm states. 

Summarizing our findings we can state that the Lagrangian C describes the interacting 
system of gauge bosons of increasing helicities. The system has Yang-Mills gauge boson 
on the first level (s=0), the helicity-two and -zero gauge bosons on the second level (s=l) 
and the helicity-three and a doublet of helicity-one gauge bosons on the third level (s=2). 

The particle spectrum on higher levels is not yet known completely and to find it 
out remains a challenging problem. The problem consists in finding out the value of the 
coupling constant (/^^^ at which the corresponding free field equation for the rank-(s-l-l) 
gauge field is free from propagating negative norm states. As we have found for 

2s 

9s+i = —-{9s+u 5 = 0,1,2,... 

[qi — 9ym) there are two solutions which describe the propagating positive norm states 
of helicities A = ±(s -|- 1). But the difficulty in finding out all propagating modes for this 
value of the coupling constant g^_-^ lies in the fact that the number of field components 

^It has sixtcicn components in the four-dimensional space-time. 

^Its relation to the Schwinger equation for the symmetric rank-3 tensor gauge field is discussed in the 
fifth section. See also references [10, 19, 20]. 
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dramatically increases with the rank of the tensor gauge field: in the case of rank-2 gauge 
field we had sixteen components and in the case considered in this article for the rank-3 
gauge field we have to analyze an equation with forty components. The presented analysis 
shows that, most probably, the full system is unitary for all higher-rank non-Abelian tensor 
gauge fields and only in four- dimensional space-time. 

First let us recapitulate the general form of the Lagrangian £ in (1). 



2 Non-Abelian Tensor Fields 

The gauge fields are defined as rank-(s -|- 1) tensors [3, 4, 5] 

AW..,Sx), 5 = 0,1,2,... 

and are totally symmetric with respect to the indices Ai...As. The index a numerates the 
generators L"^ of a Lie algebra. The extended non-Abelian gauge transformations of the 
tensor gauge fields are defined by the following equations [3, 4, 5]: 

5AI = {S^% + gr'Al)e, (2) 

5Al^ = {s'^% + gr'Ai)C + gr'Ai^e, 

= (5^% + gr'ADil^ + gr\A'^,.e>. + Ai^t + Ai^^e) , 



where C\-i^,„x^{x) are totally symmetric gauge parameters. These extended gauge transfor- 
mations generate a closed algebraic structure. The generalized field strengths are defined 

as [3, 4, 5] 

= d,At-d^A; + gr'^A'^A:, (3) 
^ ~ ^i^^M + 9f°''''^{ A^^ Al^ + A'l^^ Al ), 

r<a _ Aa _ pi Aa , fabc( Ab Ac \ Ab Ac , Ab Ac \ Ab Ac \ 



and transform homogeneously with respect to the extended gauge transformations (2). 
The field strength tensors are antisymmetric in their first two indices and are totally 
symmetric with respect to the rest of the indices. 

These field strength tensors allow to construct two series of gauge invariant quadratic 
forms. The first series is given by the formula [3, 4, 5] 

-^s+l ^ ~4 ^tiv,M...\s ^tiv,M...\s + 

^ i=0 P 

where the sum X^p runs over all nonequal permutations of i's, in total (2s — 1)!! terms 
and the numerical coefficients are a* = 

The second series of gauge invariant quadratic forms is given by the formula [3, 4, 5]: 

s+1 ~ 4 *-^/ii/,pA3...As+i ^ p,p,v\z...\sj^\ ~r 4 '-^/ii/,i/A3...As+i *^/ip,pA3...As+i 

- lE ^G::a,a....a,GX,.a.,....a.,.(E^''^''^ r)'^.s,.^^^...) , (5) 

^ i=l * p 
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where the sum J2p runs over all nonequal permutations of i's, with exclusion of the terms 
which contain 'q^^^^2s+2_ order to make all tensor gauge fields dynamical one should add 
the corresponding kinetic terms. Thus the invariant Lagrangian describing dynamical 
tensor gauge bosons of all ranks has the form 

= CyM + 92^2 + + + S'gvCg + (6) 

where Ci = Cym and Qg and g'^ {s = 2, 3, ...) are arbitrary coupling constants. 

Generally speaking, equations which follow from this Lagrangian may contain propa- 
gating negative norm states. Our main task in this article is to analyze particle spectrum 
of the theory and to prove that there are no negative modes in rank-2 and rank-3 ten- 
sor gauge fields in four-dimensional space-time. The problem is that tensor gauge fields 
have many components, some of them define propagating physical modes of definite he- 
licities, but some of them may correspond to unphysical negative norm states. As we 
shall see, only for specific values of the coupling constants g^ and only in four-dimensional 
space-time the particle spectrum becomes completely physical. 

Indeed, analyzing a linear sum of gauge invariant forms [3, 4, 5] 

92C2 + g'2^'2 , 

which are describing the propagation of the rank-2 tensor gauge field A^;^, we found that if 
one chooses the coupling constant g2 = g2 then the sum exhibits invariance with respect to 
a bigger gauge group. In that case the free field equation (18)/(19) for the rank-2 tensor 
gauge field describes the propagation of helicity-two and helicity-zero massless charged 
tensor gauge bosons and there are no propagating negative norm states. Therefore the 
gauge invariant Lagrangian for the lower-rank tensor gauge fields has the form [3, 4, 5]: 

/ 1 1 

1 1 1 

"I" ^ iJ.v,X^ tiX,v "I" ^ ixv,v^ tiX,X tiv^ ixX,vX- 

Our aim here is to extend this analysis to the case of rank-3 tensor gauge field A^^x^\.^. 
The explicit form of £3 and £3 can be obtained from our general formulas (4), (5) and 
(6) by substituting s = 2. We shall consider the linear sum 

and demonstrate that for an appropriate choice of the coupling constant g^ = ^g^ the sys- 
tem exhibits invariance with respect to a bigger gauge group [19]. The explicit description 
of this symmetry together with the corresponding free field equation (42)/ (46) for the 
rank-3 tensor gauge field will be given in the forth and fifth sections. We shall demon- 
strate that the free equation (42)/ (46) describes the propagation of helicity-three and a 
doublet of helicity-one massless charged gauge bosons and that there are no propagating 
negative norm states. Thus the Lagrangian for rank-3 non-Abelian gauge field will take 
the form 

f \ ^ f' ^/^" ^/^" ^(^'^ C"- ^Lf^'^ C^"' _|_ 

3 ~r 2 3 \xv,Xp \xv,Xp iJ,v,XX iJ,v,pp fxv,X fxv,Xpp ^iv fiv,XXpp ' 

' ^ HUjXp nXjUp ' 2^/ii/,i/A /ip,pA 2 /xi/ji/A /iA,pp ' \ ) 

' ^ Hu,X iJ.XjVpp ' ^ ixu,X iJ,p,i>Xp ' p,u,v^ fj,X,Xpp ' ^ i^u^ i^XjvXpp' 
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3 Propagating Modes of Rank- 2 Gauge Field 

Let us first consider tlie rank-2 gauge field A1^^ [3, 4, 5]. There are two invariant forms for 
tfie rank-2 tensor gauge field C2 and C'2 and we have to consider their linear combination 
92^2 + 92^2- fr®® fi^^'i equation of motion is defined by the quadratic part of this 
invariant, its cubic and quartic parts define interaction. The quadratic part of the £2 is 

/^quadratic TT 

'-'2 — 2 CK" "'^T'Y 77' 

where the kinetic operator H in momentum representation has the form 

It is obviously invariant with respect to the gauge transformation 5/1^^ = (9^^^, but it is 
not invariant with respect to the alternative gauge transformations SA"^^ = dxf)'^. This 
can be seen, for example, from the following relations in momentum representation: 

ka-^aocyy^^k^ 0, k^Ho^^^^iJi) {k Tj^'y k/^k^jk/y ^ 0. (9) 

The quadratic part of the C'2 is 



quadratic ^ A"- ff ' A'^ Mfl^ 

^2 — 2^00: -"00:77^77' y^^) 



where the kinetic operator H' has the form 

■^ad-y^i^} ~ '^iTla'y'na.'y~^'naan'i'y)k ~{'l]a'ykakj -\- Tj^ji-yko^k^ -\- TJo^f^fk^k^ -\- Tj^^k^kfj^ iTji^^k^k^^ . 

It is also invariant with respect to the gauge transformation 5A'^^)^ — d^^^, but it is not 
invariant with respect to the gauge transformations SA^^^ — dxT]^, as one can see from 
analogous relations 

^ocH'^a-yyi^) = 0' ^&H'^a-yy{k) = (^^^^7 " kak^)k^ ^ 0. (11) 

As it is obvious from (9) and (11). the sum £2 + -^2; when §2 = 92, becomes invariant with 
respect to the alternative gauge transformations SA'^^ = dxt]'^ and the kinetic operator 
now has both of the symmetries: 

SA^x = d,Cx + dxril (12) 

because^ 

ka{Had'Y'Y ~l~ -^ad-y-y) — ^' ^d(-^Q;d77 ~l~ -^ady-y) — ^' i^^) 

Thus our kinetic operator is a sum 

I 1 / I 

^2 + ^2 \quadratic = 2^"d("^"^"')">' -^0(477)^77 ~ 2 ^'^"'^"'^'''^^77' i^^) 



^Longitudinal pieces in (9) and (11) cancel each other and the kinetic operator is fully transversal. 
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where 

In terms of field strength tensor the quadratic part is 
where 

^;.,A = 5m^"a - ^.^M' (17) 

and the equation of motion takes the form 

5"^;.,A - lid^F^x,. + 5"^A.,, + 5aF;., + r^.A^'^F;,, '') = 0. (18) 
In terms of tensor gauge field the free equation of motion (18) is 

+ ^rj,,{d,d,Al^-d'Al^)^0 (19) 

and it describes the propagation of massless charged gauge bosons of helicity two and 
zero. Indeed, this can be seen by decomposition of the rank-2 gauge field into symmetric 
and antisymmetric parts. For the symmetric tensor gauge fields A"^^ — ^4^^^ our equation 
reduces to the Einstein and Fierz-Pauli equation 

d'^A^x - dyd^A^x - dxd^Af,^ + dydxA^^ + r]ux{dtidpA^p - d'^A^^) = 0, 

which describes the propagation of massless gauge boson of helicity two. For the anti- 
symmetric fields it reduces to the Kalb-Ramond equation 

d'^A^x - d^d^A^x + dxd^A^, = 

and describes the propagation of helicity-zero state. 

A more direct way to solve the free equation of motion (18)/(19) is to consider it in 
the momentum representation [22]: 

-HaaYM:) A;^=0. (20) 

The vector space of independent solutions A^^ crucially depends on the rank of the matrix 
Hadcy-yik). If the matrix operator H has dimension dx d and its rank is rankH = r, then 
the vector space of solutions has the dimension 

Af = d-r. 

Because the matrix operator Had-yy{k) explicitly depends on the momentum A;^, its rankH = 
r also depends on momenta and therefore the number of independent solutions J\f depends 
on momenta 

M{k) = d-r{k). (21) 
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Analyzing the rankH of the matrix operator H one can observe that it depends on the 
value of momentum square /c^. When A;^ 7^ - off mass-shell momenta - the vector space 

consists of pure gauge fields. When /c^ = - on mass-shell momenta - the vector space 
consists of pure gauge fi.elds and propagating modes. Therefore the number of propagating 
modes can be calculated from the following relation: 

(i of propagating modes — A/'(A;)|fe2=o — J^{k)\k'^^o — rankH\j^2^Q — rankH\k2=Q. (22) 

Our field equation (20) for the tensor gauge field is defined by the matrix operator 
(15), which in the four-dimensional space-time is a 16 x 16 matrix^. In the reference frame, 
where k'^ — (cu, 0, 0, k), it has a particularly simple form. If uP' — k'^ ^ 0, the rank of the 
16-dimensional matrix Had^nik) is equal to rankH\^2_f.2^Q = 9 and the number of linearly 
independent solutions is 16 — 9 = 7. These seven solutions are 
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(23) 



and they are pure gauge fields 

When uj^—k'^ — 0, then the rank of the matrix H^a-yyik) drops and is equal to rankH\^2_j^2^Q 
6. This leaves us with 16 — 6 = 10 solutions. These are 7 solutions, the pure gauge po- 
tentials (23), (24), and three new solutions representing the propagating modes: 



"77 
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0-100 
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V y 
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/ \ 
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10 

V / 
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/ 



(25) 



Thus the general solution of the equation on the mass-shell is 



^^k^ + Tj^k^ + Ciel,V + 026. 



"77 



,(2) 
"77 



(26) 



where Ci, C2, C3 are arbitrary constants. We see that the number of the propagating modes 
is three: 

rankH\^2_}.2^Q — rankH\^2_f,2=Q = 9 — 6 = 3. 

These are the propagating modes of helicity-two and helicity-zero A = ±2, charged gauge 
bosons [3, 4, 5]. 

The above consideration brings the final form of the gauge invariant Lagrangian for 
the rank-2 tensor gauge field to the form (7) with its free equation of motion (18)/(19). 
And, as we have seen, has a well defined physical spectrum (26). 



^The multi-index A = {fi, A) takes sixteen values. 
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4 Rank-3 Tensor Gauge Field 



Let us turn now to the rank-3 gauge field. There are two invariant forms £3 and £3 
for the rank-3 tensor gauge field A^j,;^ and we have to consider their linear combination 
gsCs + g'^C'^. The Lagrangian £3 has the form (4)® [3, 4, 5] 

1111 

3 ^ HVjXp ^lUjXp ^ p,i>,XX ij,i/,pp <2 p-i/jX iJ,v,Xpp ^ fiu fj,i>,XXpp ' v / 

where higher rank field strength tensors are: 

r<a _ a Aa _ a /ia i ^fabcf Ab ac i , Ah ac , Ah ac , 

-i-Ab 4c 4- A'^ 4- a'' A'^ 4-4'' A'^ \ 

and 

^pu,XpaS — ^fi^txpaS ~ ^i^^pXpaS + 9f°''"^{ -^p ^txpaS + X! "^tpaS + 

X^p,<T,5 

+ m ^Mp "^taS + m ^pXpa ^Is + ^^pXpaS }■ 
X,pi-^a,5 X,p,a-k^5 

The terms in parentheses are symmetric over Apex and \pa5 respectively. The Lagrangian 
£3 is invariant with respect to the extended gauge transformations (2) of the low-rank 
gauge fields A^, A^,^, A^i,x together with the fourth- and fifth-rank gauge fields 

^i^puXp = dpiuxp - ig[A^, ^uxp] - igi^pu, ixp] - igi^px, iup] - igi^pp, ivx] - 
- ig[Af,ux , 0] - ^g i^t^i'P ^^x]-ig [Af,xp ,^-ig [A^^^xp , C] , 

^^A^i^Xpa- = d^^iyXpa ~ igiAfj,, C,i/Xpa] ~ ig ^ [A^u,ixpa]~ 

uir^Xpa 

vX^piT vXp-k^C 

where the gauge parameters ^^xp and ^vXpa are totally symmetric tensors. The second 
Lagrangian £3 has the form (5)^ [3, 4, 5] 

3 pv,Xp pX,vp ^^/ii/,i/A /ip,pA "I" ^ /i;/,i^A /iA,pp 

I ^/^<J I ^/^<J r~<o, _|_ ^/^a (~<o, _|_ ^/^a /^a 

pv,xS' pX,vpp' 12^-' pv,X pp,vXp ' ^ pv,!^ pX,Xpp ' ^ pv pX,vXpp' \ ) 

We wish to know if there exists a special value of the constant 5(3 at which the system 
will have higher symmetry, as it happens in the case of the rank-2 gauge field. We shall 
see that this indeed takes place. 

A free field equation of motion is defined by the quadratic part of invariant 5i3£3-|-5i3£3, 
the interaction - by cubic and quartic. The quadratic part of the Lagrangian £3 comes 
from the terms 



1 1 
-( 

4 



pu,Xp^ pu,Xp pv,XX pv,pp \ ) 



^In (4) one should take s=2. 
''In (5) one should take s=2. 
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and has the form 

^•quadratic ^ AO, tt ah 

-i-'Q = —/i I II n ^'11 /\ I II, 

where the kinetic operator if in the momentum representation is 



Haa'a"Wy" (^) = -^^^7(^7'^' 7" + V7" V'7' + Va'a"Vj'^"), (30) 



and i^Q,^ = A; r^^^ — fc^A;^. It is invariant with respect to the gauge transformation 5^^,^^ = 
(9^^";^, which can be seen from the relation k^H ^^i ^^i {k) = 0. But it is not invariant 

with respect to the alternative gauge transformations SAI^^^ = d^(^^ + dx(^^, where the 
gauge parameter (^^^ is a totally symmetric tensor. This can be seen from the following 
relation in momentum representation 

k iH I II I ii(k) — — Hr^^ (k '77 " II + k "7? n i + k nn i n) ^ 0. (31) 

a aa a 777 \ J ^ ^ ^ 7 '"^ 7 7 '"^ 7 " '7 7 ' / 

The quadratic part of the Lagrangian C'^ comes from the terms 
and has the form 

1 

z'' quadratic Aa tt ' \a 

— — Ti. I II 11 I II I It r\ I II , 

•J 2 "^"^ a 77 7 -y ; 

The kinetic operator if' is (see Appendix A for derivation) 

1 

77 7 ' S ' ''c* '""'"a /V'a 7''7 7 ' ''a 7 ''77 ' ''a 7 ''77 

"77 ' 

7 /77 

Q 177 

"77 ' 
a (77 



+ 




kak^'){Va"-y'nj'j" +Va"j'V-y-y" 


+ Va' 


+ 




■kak^"){Va'^Vy'^" +Va'^'Vyy" 


+ Va' 


+ 




kak^'){Va'^Va"^" +Va'y"Va"^ 


+ Va' 


+ 


ik'Va," - 


kak^"){Va''yVa"'y' + V7' V7 


+ Va' 


+ 


kjk^'iVa-y' 


77 " " + 77 iif) II 1 -\- T) II n 1 

la 7 ' la-y la 7 ' laa '7 7 


") 


+ 


kik^"{Va^ 


' 77 ' " + 77 " 77 ' ' + 77 in 1 II 

la 7 ' '07 'a 7 ' laa '7 7 


) 


+ 


knkj'iVaa' 


' 77 " " + 77 iifl 1 II -\- TI iifl 1 
la 7 ' /aa la 7 ' /a7 /a a 




+ 




iTi II 1 -\- n iiTi 1 1 -\- n iTi 1 1' 

la 7 ' laa la 7 ' /a7 la a 


0} 


+ 


Va-yik^'k^i 


'77 " II + k ik iiTI II 1 + k Ilk 1 
la 7 ' a 7 la 7 ' a 7 


la 7 


+ 


ka"ky"Va' 


1 -\- k ' k II T) t II -\- k 1 k iiTi 1 . 

7 ' a a Ij 7 ' 7 7 la a 


")}• 



(33) 



It is again invariant with respect to the transformation = d^C.'j^^ which is translated 

into the relation kaH ' , „ , „(k) = 0, but it is not invariant with respect to the trans- 

" aa a 77 7V/' 

formation 5A^^;s^ = d^(^^ + dx(^j^, as one can see from the relation (see also Appendix A 
for derivation) 

k iH I II I ii(k) = — I + H II (k 111 II + k nii r) 

a aa a 77 7 V / g I- ' aa v 7 '77 ' 7 '77 / 

+ H I (k nil II + k "11 11) 

' a7 V 7 la 7 ' a '77 / 
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- - { + /c^/c^" {k^" T]^^' + k^^ 77^^" ) + k^k^> k^" 7]^^" - Sria^k^" k^' k^» } 

+|{ + //^^(^'VV'+VV'V+VVt'OIt^O- (34) 
We have to see now whether the total longitudinal part of the kinetic operator 

k„i{Q-i H I II I II -\- H I II / // ) 

a V'^'' aa a 77 7 '^•i aa a 77 7 ' 

can be made equal to zero by an appropriate choice of the coupling constant g^. For 
that let us compare the expressions (31) and (34) for longitudinal terms. As one can see, 
only the last term in (34) Ha'^{k^irj^ii + k^nTj^n^i + k^nrj^i^n) and the whole term (31) 
can cancel each other if we choose % — 2gs, but this will leave the rest of the terms in 
(34) untouched, thus k^i{g3 H^^i^n^^i^i + g'^H'^^ ^i ^^i ,i ) ^ for all values of g'^. This 
situation differs from the case of the rank-2 gauge field. In the last case we were able to 
choose coupling constant g2 so that longitudinal pieces (9) and (11) cancel each other. 

In order to understand the reason, why in the case of the rank-3 gauge field it is 
impossible to fully cancel longitudinal pieces, we have to remind a beautiful result obtained 
long ago by Schwinger [10]. It has been proven by Schwinger [10, 19, 20] that it is 
impossible to derive free field equation for the totally symmetric rank-3 tensor which is 
invariant with respect to the gauge group of transformations 5A^y\ = d^Q^^ + di,^^\ + 
d\if^u without imposing some restriction on the gauge parameters ^^jy. As Schwinger 
demonstrated, the gauge parameter should be traceless: ~ 0. We shall see that 
similar phenomena take place also in our case, that is, the gauge parameter ^^^^ should 
fulfill the restriction (36). 

What we would like to prove is that our equation has enhanced invariance with respect 
to the gauge group of transformations 

~5Al,x = 9.Ca + (35) 
only if the gauge parameter C,'^^^ fulfills the following restriction: 

9.Ca - dxQ, = 0. (36) 
This takes place when we choose g'^ = ^g^, ■ Indeed, let us consider the equation of motion. 

T-i /^quadratic i 

l^rom Lq we have: 



^aa'a"77'7"^;7'7" = Ka' " ^a^P^^a'a" + \r^a' A^' K,, ^^^p^pAa), (37) 

and from ^ 

aa a 77 7 77 7 Q*- ^ a aa a a a a aa a a a' 

-dadpiA", n + A", n + A",, , + A", I , ) - 
" a pa a a p a pa a a p' 

-d'aAA" 11+ A" I, -A" I, -A", I - A" „ -A" „) - 

a P\ paa pa a apa aa p aa p apa ' 

-diidXA^ i+A^i -A" ,-A^, -A^ , -A" ,) - 

a p\ paa pa a apa aa p aa p apa ' 
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" a V a pp pa p ppa ' " a \ a pp pa p ppa > a a appi 

--{nAd^iA",, ^A",, + A" „) - a - dxdpiA" + A". „)] + 

Q I 'aa L \ a pp pa p ppa ' a P pA\ P\ pa X pXa /J 

+Vaa" mAl,^^ + + A^^,) - d^^d,Al,, - d,d,{A;a'X + ^M.')] + 

+Va'a" [d'{A%,p + A^J - dadp{Al, + Al,p) - d,d,{A;aX + ^Apa " '^Kxp)]}- (38) 

Summing these two pieces together we shall get the following free field equation of motion 
for the rank- 3 tensor gauge field: 

(H '''''' +cH' , „ , .^A" , „ = d^A"" , „ - -A'', „ - -A",, ,) - 

\ aa a 77 7 aa a 77 7 ' 77 7 ^ aa a ^ a a a ^01 aa ' 

-dadJA" , n - -A", „ - -A",, ,) - -O'dJA"" " " - ^" ") - 

P\ pa a A a a p A a pa > a a P\ apa aa p paa ' 

--d'^dJA'"' , - A" ,) + -dad>(A''„ + A" + A" ») + 

^ a P\ ap a aa p paa / ' g " a \ a pp pa p ppa ' 

+^Va"(9'^app - Q^^QpKxx - Id'Kpc + ldad,Al,^ - \dxd,Al^^ + \d>.d,A\^) = 0, 

where c = %/ g^- Performing the gauge transformation (35) of the gauge field one can see 
that the terms which originate from differential operators (9^, dadp, d^'dp and d^ndp in 
the above equation cancel each other if we choose g'^ = l^ia . The rest of the terms have 
the following form: 

4 , 

[Hi II I II H — H I II I ii)5A I II — 

\ aa a 77 7 ' g aa a 77 7 / 77 7 
+ \dada'dpCl" + ^5a9,"9,Q - \d^'d^iidpCpa + \dad^i d^n Cpp 
-\naa'{'^dpd\;a" ' ^9^" OxOpCxp + ^d^n d'Cpp) 

-lvaa"WXa' - ^d^'dxdpCxp + 2d^ idXp) 

+ lva'a"idpdXa-dadxdpCxp) (39) 

and can be rewritten in the form which makes the desired invariance explicit: 

4 , 1 
(Hi I' 'I' + -H I II I lASA"" I II = +-dadi(doC " - 9 "CD 

V aa a 77 7 ' g aa a 77 7 / 77 7 3 ^ P^pa a >>pp/ 

+\dada"{dpC;a' - da'Cpp) - \d^d^'{dpCpa - daCpp) 
-Ivaa'id'idpCpa" - da"Cpp) + 2d^iid,(d,Cpp - dpCp,)] 

-lvaa"[d'idpC;^, - d^iCpp) + 2d^id,{d,C^^ - dpCp,)] 

+ lva'a"[d'{dpCpa - daCpp) + dadx{dxCpp " ^"a)]- (40) 
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Prom that we see that if the gauge parameter satisfies the restriction (36) the equation 
is indeed invariant with respect to a larger group of gauge transformations SA^^^^^ — 
duQx + dxC%, because 

4 , 

(-^aa' a" tt' 7" + 3 "^aa' a" 77' 7" ^ ^"^77 7" ^ ^aa'a"Wj"i^) ^^7^7" = 0" (^1) 

The final form of the equation is 

of^iA" , „ - „ - ,) - d^dSA" , „ - „ - -(42) 

^ (XOL a 3 a a a 3 '^'^ t'^ pa a gaap ^ a pa ' ^ ' 

--a^aj^" » + ^"» -A"" .^--d^ndAA" ,+A'', -A" ,) + 

go; P\ apa aa p paa ' 3 ^ apa aa p paa ' 

' " a V a pp pa p ppa ' a a \ a pp pa p ppa > o a a a 



g " a V a pp pa p ppa ' g'^aV a pp pa p ppa ' g a a app 

--Vaa' {d^A^n - d'' ^.A" . + 2d^ A" „ - 2dxdpA''. „ ) - 
g laa \ a pp a P pA\ ppa a P pXa I 



-\vaa"{d'K'pp - da'dpA^x + 29M;^^, - 29.a,A;,„o + 

+ \va'a"{d^Kpp - ^a^P^pAA " + ^^a^P^Lp " \dxdpKxp + ^^A^p^^) = ^ 

and, it is invariant with respect to the group of gauge transformations 

^K^^x = d.ilx, 5A%x = Ulx + dxC%, dpCpx - dxCpp = 0. (43) 

The above invariance of the equation (42) with respect to the transformations (43) can 
be checked now directly without referring to the previous analysis. 

Let us now estimate, how many independent gauge parameters are at our disposal. 
Because there are no restrictions on the symmetric gauge parameter ^^j^, we have ten in- 
dependent gauge parameters in the four- dimensional space-time. To estimate the amount 
of independent gauge parameters in one should solve the restriction (36) 

^^C03 + «C33 + «(C00 - Cll - C22 - C33) = 0, 

'^Coi + «C31 = 0, 

WC02 + ^^(32 = 0, 

^^Coo + 1^(30 - i^(Coo - Cll - C22 - C33) = 0, 
where — {u, 0, 0, k), therefore 

Coo — Cll + C22 Co3) C3I — Coi) 

C33 = —Cll — C22 Co3, C32 = C02, 

U K 

(44) 

and we have six independent gauge parameters^ Coi, Co2! Coa? Ciii C22, Ci2- We shall present 
the free equation of motion (42) also in terms of field strength tensors. The quadratic 



^One can also use a different set of independent parameters, in particular, i^n, C12, CiSi C22, C23, Css- 
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part of the Lagrangian is 



•3 ~l~ Q 3 Igucidi'atic 



+ 




(45) 



where F^^ ^^^ = d^A^^^p — d^A'^^^^p. Its variation over the field A^^^^ gives the free equation 
(42) written in terms of field strength tensor F"^^^^ : 



In summary, we have the Lagrangian (8) for the third-rank gauge field A'^^^^ and the 
corresponding free field equation of motion (42)/ (46) invariant with respect to the gauge 
transformations (43) . 

5 Propagating Modes of Rank-3 Gauge Field 

The aim of this section is to analyze the free field equation (42)/ (46) for the rank-3 gauge 
field. It is convenient to decompose the rank-3 gauge field into irreducible pieces. The 
gauge field A°^^,^h is symmetric over the last two indices 7 -H- 7 and has no symmetries 
with respect to the index 7. Let us consider the transformation T of the form [21] 



It has the property of the standard transposition (^4^)^ = A and allows to define sym- 
metric A^ and anti-symmetric tensors as 




(46) 




(47) 




-{A + A'l A 




In the case of the rank-3 gauge field they are 



(^/iAiA2 + ^Ai|uA2 + ^A2/iAi)) ^, 




One should also define vector fields associated with rank-3 tensor field: 



B/j, — A^xx, Cfj_ — Axxn, Dfj_ — OxOpA^xp^ — dxdpAxp^. 



(49) 
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Equation for these fields follow from our main equation (42)/ (46), if one takes its trace 



- d^d,){-B, - a) = {D^ - E^). 



(50) 



These equations show that these vector fields (49) fulfill Maxwell equation. Our aim is to 
find explicit solutions for all these fields. This will allow to clarify the physical content of 
the equation (42)/ (46) and the propagating modes which it describes. 

A convenient way to solve the free equation of motion is to consider it in momentum 
representation 



[H I " ' " -\- — a I II I ii\j\. 

\ aa a 777 ' g aa a 777 ' 



■77 7 



aa a 77 7 



II {k) A, 



/ // = 0, 



(51) 



as we did in the case of the rank-2 gauge field in section three. The matrix operator 
'^aa a" -y-y' -y" (^) ^ ^ givcu by (30) and (33) and in the four- dimensional 

space-time it is a square matrix 40 x 40. Indeed, the gauge field is symmetric 

over the last two indices 7' -H- 7" and has no symmetries with respect to the index 7, 
thus the multi-index N = (7, 7 ,7 ) runs 4 x 10 = 40 values and the matrix I-Lnm is 
40 X 40. It is convenient to represent the gauge field in the form of four symmetric 
matrices A, 



77 7 



e ' " 
77 7 



(A 



07 7 



^37'7") = (eo7'7"'-'e37'7")e2^P{^^2;} 



/ 



/ Cooo Cooi 6002 Coos \ 

coio Coil eoi2 eoi3 

^020 ^021 6022 6023 

\ ^030 ^031 eo32 eo33 / 



37 7 

/ f300 ("301 f302 C?m \ 

6310 6311 6312 

6320 6321 6322 6323 

6330 6331 6332 6333 



V 



(52) 



each of which has ten independent components. In the reference frame, where k"' — 
{uj, 0, 0, k), the matrix T-Lnm has a particularly simple form. If uJ^ — k? ^ 0, the rank of 
the 40-dimensional matrix T-LNM{k) is equal to rank 'H|c^2_j.2_^o — 25 and the number of 
hnearly independent solutions is 40 — 25 = 15. These are pure gauge fields (43) 



e I II — k^ ^ I II 

77 7 7 ^7 7 



+ k iC II -\- k "C 

' 7 ^77 ^ 



7 -577 



(53) 



with ten independent gauge parameters ^y^" and five independent gauge parameters ^77'- 
When u"^ — k"^ = 0, then the rank of the matrix HNMik) drops and is equal to 
rank'H\u,'2-k2=o — 18. This leaves us with 40 — 18 = 22 solutions. These are 15-1-1=16 
solutions, the pure gauge fields (43), (53) and six solutions representing propagating 
modes. On the mass-shell the number of pure gauge fields increases by one unit: instead 
of the pure gauge field 



e ' " 

77 7 



kiieSl^e^+^^) + kiiieSl^^+e^^) 
two new linearly independent solutions appear 



(54) 



k,e^(P^ + kiie^(^ 



^77' 7" ■"'r "'^ "7 7 '-7 



^77' 7" ■''7 '"7 '"7" ' '"7 "7 7 



(55) 
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where = (0, 1, 0, 0), e{f) = (0, 0, 1, 0). Therefore on the mass-shell we have sixteen 
pure gauge fields and six propagating modes 22-16=6. The first two solutions are: 



O / // 

77 7 



C- / // 

77 7 



0, 



/ / o\ 

10 

0-10 

V V y 

/ / 

10 

10 

V V / 



,0 



0, 



,0 



/ \ \ 
0-10 
0-100 

V y 

^ o\ \ 
10 
0-10 

V y y 



These are traceless tensors (B^ = C^ = = = 0). Their linear combinations describe 
positive norm states with helicities A = ±3, because one can represent these solutions as 
a direct product of helicity-one and helicity-two tensors e^^'^" = e^^ ® Cyy/. The next 
two solutions are: 



77 7 



C- in 
77 7 



,0,0 



0,0 



V 



/ \ 
10 

0-10 

V y 

/ \ \ 
0-100 
10 

V y y 







77 7 



(56) 



In accordance with (56) we have 



6) 



.L(l:2) 

3 ' 



D„ = E„ 







and they fulfill the free Maxwell equation (46). Their linear combinations describe positive 
norm states of helicities A = ±1. The last two solutions are: 



C- / // 

77 7 



77 7 



0, 



.0.0 



0,0, 



//0000\ \ 

10 

V V y 

f ^ \ 
10 


V V y 







y 



o 7 '7 7 



(2) 

— e T\ I II. 
8 7 'h 7 



(57) 



In accordance with solutions (57) we have 



,(1,2) 



and they also fulfill the free Maxwell equation (46). Their linear combinations describe 
positive norm states of hehcities A = ±1. As one can check, the last solutions can not 
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be decomposed into symmetric and antisymmetric pieces (48). The reason is that the 
kinetic operator 'H^^' ^"^^'^n in (51) can not be represented as a sum of symmetric and 
anti-symmetric operators. It has non-diagonal matrix elements and these solutions are a 
mixture of the both symmetries. This is a new phenomenon which appears in the case of 
ranks gauge field. In the case of rank-2 gauge field the kinetic operator 'Haa'yy' (l^) 
can be decomposed into symmetric and anti-symmetric pieces, as we have seen in section 
three. 

Thus the general solution of the equation on the mass-shell is: 



6 
i=l 

where q arc arbitrary constants. Thus we see that there are six propagating modes of 
helicity-three and a doublet of helicity-one charged gauge bosons: A = ±3, ±1, ±1. 

It is also interesting to see what happens if we consider free field equation (42) / (46) 
in P-dimensional space-time. As one can see the number of potentially negative norm 
states increases as (SP^ — 5V + 4)/2 while the number of gauge parameters grows as 
V^. Only in 3+1 dimensional space-time there is a chance for full cancelation of negative 
norm states, and, indeed, as we have seen, the particle spectrum is physical in 3+1 
dimensions. In five dimensions the matrix Unm has dimension 75 x 75. In the reference 
frame, where k"^ — {uu, 0, 0, k) and uP' — k'^ ^ 0, the rank of the matrix T-LNuik) is equal 
to rank'H\^2_i^2-^Q = 50 and the number of linearly independent solutions is 25. These 
are pure gauge fields (43), (53) with fifteen independent gauge parameters and ten 
independent gauge parameters When cu"^ — k"^ = 0, then rank'H\ij2_k2=o = 30. This 
leaves us with 45 solutions. These are 25 pure gauge solutions and 20 new solutions 
representing propagating modes. Only 18 modes can be positive definite. 

Let us also consider equations for the higher-rank tensor gauge fields. The Lagrangian 
form for the rank-4 gauge field is a sum of the following two terms (s=3 in (4), (5)) [18]: 

13 3 
3 3 1 

and 

■^4 ^y^p(j\G fxp^l/aX + pj/^i/pcrG pX^XpCr ~l~ "^G pi,^pcrcrG p_p^yX\ + ~G py^pfjfjG p\^yp\ 

4 4 5 Z 

~l~ "^G ^i/uppG ij^(jw + '^G p^npfjG ^pi,(jw + 'j^G p^npfjG ^^\i,p^\ + fiv,ppG ^(j^i/(jw 

~l~ '^G piy^iypG np^Wfjfj + ~G piy^i/pG pX^pXfjfj + ~G piy^pG pp^iyXXaa ~l~ '^G py^pG pX,Up\aU 

~l~ '^G p^jji/G ppp^^x\ ~l~ '^Gpi/Gpipup^^xx- (^0) 

Deriving field equations from this Lagrangian one can see that the free equation of motion 
has two solutions which describe the propagating A = ±4 helicity states only if 

g'i = . (61) 
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In the case of rank-(s+l) gauge field, as it follows from (4) and (5), the free equation of 
motion has two solutions describing the propagating A = ±(s + 1) helicity states only if 

2s , , 

where s = 0, 1, 2, ... and g\ — Qym- Therefore the Lagrangian (1) has the following form: 

/ 4 / 2s I 

C = Cym + g2{i^2 + i^2) + f3(A + g-^a) + - + gs+i{i^s+i + J^^s+l) + (63) 

where the coupling constants ^^s+i still remain undefined. Therefore, let us consider the 
dependence of the Lagrangian on the coupling constant 512- As we shall see the coupling 
constant 512 can be eliminated from the Lagrangian by redefinition of fields and other 
coupling constants. Indeed, let us define the transformation of tensor gauge fields as 
follows: ^ 

^l\i...\s ~^ ~n2 "^/1ai...a,- (64) 

92 

This transformation should be complemented by the transformation of gauge parameters 

i\x...K ~^ ~Tl2 ^Ai...Aa (65) 
92 

in order to protect the extended gauge transformations (2). In that case the extended 
field strength tensors will also transform homogeneously: 

G'm'^,Ai...a, —n^ G^vM-.-Xs (66) 

92 

and the invariant forms will transform as follows: 

A ^ ^ Cs. (67) 

92 

Therefore the Lagrangian will take the form 



c = £^^ + £2 + 4 + y|(£3+ 4) + yi(£4 + _4) + ... ^ 



|„3 + i4).|(A4 

^ >CyM + £2 + 4 +^3(>C3+34)+^4(>C4 + ^4) + - (68) 

and the coupling constant g2 is fully eliminated from the theory. This cannot be done 
with the coupling constant g^. 

Summarizing our findings we can state that the Lagrangian C describes the interacting 
system of gauge bosons of increasing helicities. The system has Yang-Mills gauge boson 
on the first level (s=0), the helicity-two and -zero gauge bosons on the second level (s=l) 
and the helicity-three and a doublet of helicity-one gauge bosons on the third level (s=2). 

The particle spectrum on higher levels is not yet known completely and to find it 
out remains a challenging problem. The problem consists in finding out the value of the 
coupling constant g^^^ at which the corresponding free field equation for the rank-(s-l-l) 
gauge field is free from propagating negative norm states. As we have found for 

2s , ^ 

= — T-^^+i, s = 0,1,2,... 

S ~r J- 
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{gi — Qym) there are two solutions which describe the propagating positive norm states 
of hehcities A = ±(s + 1). But the difficulty in finding out all propagating modes for this 
value of the coupling constant g^j^^ lies in the fact that the number of field components 
dramatically increases with the rank of the tensor gauge field: in the case of rank-2 gauge 
field we had sixteen components and in the case considered in this article for the rank-3 
gauge field we had to analyze an equation with forty components. The presented analysis 
shows that, most probably, the full system is unitary for all higher-rank non-Abelian 
tensor gauge fields. 

In conclusion let us discuss the relation between the present field theoretical model and 
the Coleman- Mandula theorem which imposes strict restrictions on the possible theories 
consistent with the fundamental principles of quantum field theory [24] . The results of the 
Coleman-Mandula paper were generally accepted as most powerful in a series of "no-go" 
theorems, destroying the hope for a fusion between internal symmetries and the Poincarc 
group. It is applicable if five conditions formulated in the Coleman-Mandula article are 
hold. One of these conditions - P article- finiteness condition - states that: "(2) For any 
finite M > 0, there is only a finite number of one-particle states with mass less than M." 
The equivalent formulation can also be found in the book of Wess and Bagger [27] and in 
an important discussion in the article [25]. 

The particle-finiteness condition is not applicable to the field-theoretical model studied 
in the present article because there are a) massless particles in the spectrum and (5) the 
number of massless particles is infinite, in which case the theorem does not apply. 

There are well known cases when the Coleman-Mandula theorem is not applicable. 
First of all it is the case already mentioned in Coleman-Mandula article, the so called 
" infinite-supermultiplet theories" and the second case is the supersymmetric extension of 
the Poincare algebra [26, 27]. Our model belongs to the first exceptional case. 

In this article we study the spectrum of the non-Abelian tensor gauge fields and 
describe in details the helicity content of these tensor fields. These studies comprise a 
necessary step in any serious investigation, without which it is impossible to accept or 
reject any theory. The article does not contain claims that the suggested model is a fully 
consistent field theoretical model of interacting non-Abelian tensor gauge fields, but takes 
the necessary steps in order to get an answer to the above question. 

I would like to thank Ignatios Antoniadis, Ludwig Faddeev and Emmanuel Floratos 
for stimulating discussions and CERN Theory Division, where part of this work was 
completed, for hospitality. The work was supported by ENRAGE (European Network on 
Random Geometry), Marie Curie Research Training Network, contract MRTN-CT-2004- 
005616. 



6 Appendix A 



The quadratic form H , i, , n can be extracted from (32) and should be symmetrized 

over a a , 7 •H- 7 and over the exchange of two sets of indices aa a •<->■ 77 7 so 
that in the momentum representation it has the form 

^aa'a"77'7" (^) = + ^«a' (^'7^7' 7" + ^a'^'Vjj" + Va"'f"V^^') 

~^ ^aa" ^^a' f^'y' 'y" ~^ 'Ha' ~^ '7a'7"^77') 
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a 7 

a 7 Va"^ ~l~ Va' a" ^J^'j' / 



+ ^a^a" iVa'-yV^'-y" + Va'-y'Vj^" + Va''y"Vw) 

+ Kk^' {Va'^Va"j" + Va'',."Va"j + Va'a"Vjj" ) 
+ V (V7 V7' + V7 + Va'a"VW ) 

+ k^K' iVay' Va"y" + Vay" Va"y' + Vaa" y" ) 

+ k^k "(n iri I II + ri nri 1 1 -\- ri in 1 ") 

I '"^'"a \ laj la J ' laj la j ' laa '77 ' 
+ ^7^7' (^««' ^«"7" + ^a'7" + ^«7" ) 

+ ^ V (^aa ^a"7' + ^aa" ^a'V + W ^a'a" ) } 

+ K" ^7" '^aS' + K' K" ^7'7" + ^7' ^7" '^a' a" ) } ■ (69) 

or combining some of the terms together we shall get an equivalent form 

^a'a'a"77'7" (^) = + i^'^Vaa' " k^k^i ) {Va"yVy'y" + Va"y'Vjj" + W'^TT ) 

+ (^^^aa" - ^'"^'a" ) iVa'j^'j" + Va'j'^-y" + ^'^77' ) 



H — i + 'k 'Ti II II + k ik iiTi II I + k Ilk iv i " 

1^1 I '/Q:7v"^a 7 /a 7 ' a 7 /a 7 ' a 7 /a 7 



+ (^^^a7' - ^"^7') (^a'7^a"7" + Va'y"Va"y + Va'a"Vyy") 

+ (k'^Vaj" - kak^"){Va'jVa"j' + Va''r'Va"j + ^a'a"Vyy') } 

--{ + k^k^i{r]^^ir]^n^n +r]^.>>r]^ii^i +r]^,^iir]^>^ii) 

+ ^7 V iVay'Va'y" + Vay"Va'j' + Vaa'Vy'j") 

+ k^k^i {Vaa'Va"y" + Vaa"Va'j" + Vaj"Va'a" ) 

+ k^k^ii{ri^^'ri^"^' + Vaa"Va'y' + Vay'Va'a") } 

+|{ + Vayik^iKir]^ii^ii +k^ik^iiri^"^i + k^nk^nq^i 

+ k^iik^iiri^i^i + k^ik^iir]^i^ii + k^ik^n-q^i^n) }. (70) 
This expression can be used to calculate divergences. Indeed, 

^a' ^a'a' a" 77' 7" = + (^^W " kak^"){k^Vyi + /cyT^^y + /cyT^^y) 

+ (^^^a7' - ^«^7' ) ikyVa"y' + V^«"7 + ^a"^77" ) 

+ ik'^Vay" - kak^" ) {k^Va"^' + ^7' V'7 + V ^77' ) } 

--{ + k^k^{ri^^ir]^ii^ii +ri^^iir]^ii^i +ri^^iirj^i^ii) 

+ k^k^ii {2k^"Va-y' + '^k^'Va-y" + kaV-y'y") 

+ k^k^iikaVa''^" + '^k^"Vaa") + kyk^n kaVa" -y' } 

1 

'4 

or using the operator Ha-y — k'^rja-y — k^k-y one can get 



+ -{ + Vay{k^k^ir]^ii^ii + k^k^iir]^ii^i + k^k^nrj^i^n + Sk^nk^ik^n } 



K'Hj^ii^^i^ii{k) = \{ + H^a" ik-yVj'j" +k^'Vjj" +k^"Vyy') 
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g{ + ^aa" ^7^7' 7" + ^"t' ^7^a"7" + H^^" k^Va"j' 

+ k^k^n (2A;y/7y^y + 2k„>r]^^n + 2kar]„>^n ) 

1 

4' 



+7{ + Vaj{k'^k^'Va"'y" + k\"r]^"^' + A;^V?7yv' + ^k^"k^'k^" } 



and canceling the identical terms we shall get 

k iH I II I II (k) = — i + H iiik m " + /c "7? ' 

a aa a 77 7V / o« \ 7 '77 7 '77 



+ H^^i{k^iir]^>i^, + k^n7]^^ii) 

+ H^^ii{k^iri^ii^ + k^iir]^^i) } 

- 4 { + ^7^a" (^7" ^^"7' + ^7' ^a^" ) + ^^^7' V ^aa" } 

+ \{ + ^a7^7'^a"7" + Ha^k^"Va"^' + Ha-yk^-V^'j" 



+ 3r}a^k^" k^' k^" }. 
Again collecting terms we shall get the final expression: 



77 7 





+ 


Haa"ik^'Vjj" 


+ V^77') 




+ 


Haj'{k^"r]^"^ 


+ V^77") 


-if 


+ 


Haj"{k^'r]^"^ 


+ V^77') } 


+ 




■ +k^'Va-y") + k^k^'ky'Vaa" 




+ 


Ha'y{k^'Va"'y" 


+ k^"Va"j' +ka"Vj'j") }, 



(71) 

3r]ajk^"k^'k^" } 



which has been used in the main text. 
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